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Abstract. In this paper we investigate the unique function A(x, y) which defines the flow in 
the plane and satisfies these main properties: it is a homeomorphism of a real plane suitably 
compactified with three curves; it satisfied the linear first order PDE and the iterative 
functional equation, which we earlier named the projective translation equation - the latter is 
a special case of the well-known translation equation - and thus A is the flow; this function 
also posseses a 6— fold symmetry; it parametrizes the family of elliptic curves xy(x — y) = c. 
Further, we also discuss the complex version of this flow. The analysis of the function A is 
intricately related with the geometry of the Riemann surface of the function [z(l — z)] -1 / 3 , 
also with the associated abelian integral and its periods. We call this function A(x, y) the 
2— dimensional superflow. We also introduce analogous superflows for higher dimensions. 
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1. Introduction 

1.1. The main object. Let E = M 2 U^, where is the union of three curves. The topology 
and structure of E will be defined later. In this paper we investigate the fascinating function 
A(x,y) which possesses these main properties. 

• (AUT). A(x,y) = (X(x, y), X(y, x)), and A : E i— > E is an automorphism. 

• (PDE). The first coordinate satisfies the partial differential equation 

X x (x,y)(x 2 - 2xy - x) + X y (x, y)(y 2 - 2xy - y) = -X(x,y) (1) 
with the boundary condition 

\un X{XZ > yz) =x. (2) 

• (FLOW). The function A satisfies the iterative functional equation 

(1 - z)A(x) = a(a(x*)— x = (x,y) G E, z e R. 

• (SYMM). If 7 = let j(x,y) = (ax + by,cx + dy). Consider the 6 element 
subgroup of GL 2 (M), call it £ = S3, whose elements are 

1)' a= (i J)' r= (o -0' 
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and 



1 \ / -1 \ /-ll 



OTO = 1 -1 1 ' OT= 1 -1 ' TO =~ V -1 



then (ar) 3 = (rcr) 3 = i, a 2 = t 2 = (crrcr) 2 = z. 

The function A(x,y) possesses the 6— fold symmetry: for every 7 e E, we have 

7 _1 o Ao 7 (x,y) = A(x,y). 

Of course, involutions cr and r generate the whole group E, so only two of these 
invariance properties are independent. The invariance under a tells us that A(x,y) = 
(X(x,y), X(y,x)), and the invariance under r implies 



K x - v> -y) + Kv, x ) = H x > y), 

-X(-x,y- x) = \{x,y). 
(ELL). In case x, y are fixed, x, y, x — y 7^ 0, the pair of functions 

parametrize the elliptic curve XY(X — Y) = xy(x — y); thus, 
X(xz,yz) X(yz,xz) /X(xz,yz) X(yz,xz) 



(3) 



-) = xy(x - y), x, 



Z Z V z z 

It turns out that three exceptional lines y,x — y and x = correspond to three 
ramification poins of the algebraic function [z(l — z)]~ 1 ^; namely, z — 0, 1, and 00. 

1.2. Background. In the paper [3] we solved the following problem: find all rational solu- 
tions of the 2— dimensional projective translation equation 

(1 - z)0(x) = 0(V(xz)— Y (4) 



here 4>(x, y) = (u(x, y), v(x, y)) is a pair of rational functions in two real variables. It appears 
that, up to conjugation with a 1— homogenic birational plane transformation, all solutions 
of this equation are as follows: a zero flow, two singular flows, an identity flow, and one 
non-singular flow for each non-negative integer N, called the level of the flow. The main 
object associated with a solution is its vector field, defined by 

d (f>(xz,yz) 



v((/);x,y) = (?u(x,y),Q(x,y)) 



dz z 

It appears that the vector field of a rational flow is a pair of 2— homogenic rational functions. 
The main theorem in j3] describes the structure of all rational flows. The main idea of the 
proof (which is rather lengthy) is that the vector field can be reduced step by step, leading to 
rational 2— homogenic functions with numerators of smaller degree, and, eventually, provided 
we do not encounter an obstruction, to quadratic forms. So, we are left to find all rational 
flows whose vector field is given by a pair of two quadratic forms in two variables. This is a 
rewarding part of the proof. For example, we find that some of these pairs of quadratic forms 
lead to rational solutions, while others should be discarded since they arise from non-rational 
flows. However, in the course of the proof we stumbled upon the fascinating vector field 

w(x, y) = x 2 — 2xy, g(x, y) = y 2 - 2xy 
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which has exactly the 6— fold symmetry: for every 7 G £, 

7 _1 o(ro,g)o7 = (ro,g); (5) 

for the defintion, see the property (SYMM). All the tricks which ruled out other vector fields 
were not applicable now, and it was still not clear why the solution of (pEJ) in this case, which 
is exactly the function A(x, y), cannot be rational. And it appears that it is not indeed; since, 
if we put f(z) = X(z, —z)/z, then, as the property (ELL) implies 

f( z )f(- z )[f(z)+f(- z )]=2, 

and thus (f(z), f(—z)) parametrizes the elliptic curve XY(X + Y) = 2 and f(z) cannot be 
a rational function. In this case X(x,y) is not rational itself. This paper is devoted solely to 
this exceptional and intruiging case. 

1.3. Higher dimensional superfiows. We will finish the introductory chapter with the 
formulation of the problem for higher dimensions. 

Let N e N, N > 2. The symmetric group SV+i has the standard (N + 1)— dimensional 
permutation representation inside the group GLjy+i(C). The invariant subspace of this rep- 
resentation is the line A • (1, 1, . . . , 1), A G C. So, SV+i acts on the orthogonal complement 
A C C N+1 of this line which is given by 

N+l 

A={(v 1 ,v 2 ,...,v N+1 )eC N+1 : £> = o}. 

i=l 

Let 

71 : S N+1 GL(y4) 

be this representation. It is well known that it is irreducible and injective. Let us choose the 
basis of A as follows: 

q i = (0,..., 0,1,0,..., 0,-1), 1 <i<N. 

i 

Each transposition of the form (ij) G SW+i, 1 < i < j < N, acts on vectors qj, 1 < i < N, 
as the transposition (qiq^). On the other hand, if r\ G Stv + i is the transposition (1(N + 1)), 
then the matrix representation of the linear map tt(t]) in basis (qi, . . . , qjy) is as follows: 

l~ l \ 

-1 1 

K= "I 1 

\-i ' 1/ 

For example, when N = 2, this corresponds to the matrix ara, see (SYMM). Let = 
tt(Sn+i)- For each 7 G S^r, we henceforth consider 7 as a matrix in the fixed basis 
{qi, . . . , qAr}. Now, we want to find an iV— tuple of quadratic forms 

Q(x) = (Q 1 (x),Q 2 (x),...,<Mx)), 

such that for each 7 G T, N , we have 

f 1 oQo 7 (x) = Q(x). (6) 
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It is clear from the above that the vector Q should be symmetric with respect to all coordi- 
nates. This means 

Qi(x 1 ,...,x i ,...,x N ) = Qi(x i ,...,xi,...,x N ), l<i<N, 
Qj(x 1} ...,Xi,.. .,x N ) = Qj(x i} ...,x x ,.. .,x N ), for j ^ 

Since transpositions {ij), 1 < % < j < N, together with the transposition (l(iV + l)) generate 
the whole group Sjv+i, ^ is enough to find a quadratic form Qi(xi, . . . ,xn) such that if Qi 
are defined by the first entry of (JTj) and they all satisfy the second entry, then the vector 
Q satisfies fl6]) in a special case 7 = k. This is a linear algebra task, and we find that the 
solution is given by 

2 N 
Qi(x) = x\ - ■ xx £i- 

i=2 

So, we pose the following 

Problem. Let Qi be as above, and Qi are given by (0). Let A^v(x) = (Ai, . . . , A^r), where Aj 
is the solution of the PDE 

N 
i=l 

with the boundary condition 

lim — — - = Xi. 

(Note that only the boundary condition depends on i). Describe the properties of the function 
Ajv(x). 

We call the function A^r(x) the Nth dimensional superflow. The solution of this problem 
might reveal deep conections with various objects encountered in algebraic geometry and 
number theory. More generally, we may pose the same problem not only for Sjv C GL(^4), 
but also for any finite group T C GL(V), V being a vector space. We call such flow a 
superflow, if the number of independent generators of T is > dim(V). We will not elaborate 
on this problem at this point any further. 
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Figure 1. (Normalized) vector field of the superflow A(x) with two selected 
orbits xy(x — y) = 0.4 and xy(x — y) — —0.03. 
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Figure 2. The function X(x,y). 



